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6 Conclusion:

In the present work, a
spatial 3DoF tensegrity
mechanism was introduced

and its kinematics, statics and
dynamics were studied. Due to
the presence of unconstrained
degrees of freedom, analysis
of this type of mechanism is
generally more challenging
and complicated in comparison
with conventional mechanisms.
Being an wunder actuated
mechanism, its kinematics and
statics should be considered
simultaneously. For a special
case, where gravity and external
forces were neglected, inverse
kinematics of the mechanism
was also studied. Finally, using
the principle of virtual work, a
dynamic model of the tensegrity
mechanism was developed and
some numerical examples were
solved.
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Fig. 8.Centroid’s trajectory and Euler angles of the moving plate for example 2.
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Fig. 9.Centroid’s velocity of the moving plate and derivative of Euler angles for example 2.
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The following assumptions
are used to develop a simple
dynamic model for the
mechanism:

1.The joints and actuators are
assumed to be frictionless.
2.The springs are massless
with zero damping coefficients.
3.The two segment of prismatic
actuators are treated as
infinitesimally thin rod

4 External forces are neglected.
Using the principle of virtual
work, the following relation can
be written

“)_:{]_‘jlr]—vzj::[rﬁr‘_., s5,=0 (43)
where J, and J, are the inertia
tensors of segment 1 about
point ¢, and segment 2 about
point 5, with respect to the
axis of hydraulic actuators,
respectively. Using Eq. (43),
the equations of motion of
the system can be obtained.
As mentioned, longitudinal
component of angular velocity
of two segments of each arm
are neglected [17]. Given the
symmetry of inertia tensors, we
have

J+35)-Q, =0+ )Q, (44)

where, j; and , are the
moments of inertia about the
lateral axis. Furthermore,

Quix(J,+J,)- Qi =0 (45)

Using the above expressions
and relations for so, and
or, from Egs. (32) and (34),
dynamic equations of the
mechanism can be expressed
in the following matrix form
M€1|+Cq+D=PU (46)
Matrices ¢ ,m and b are given
by:

. : =
> o, -(m - m.g):‘ 25, [, +3)- Dt Qux (3,4 3,)- Dyt (5, x )]+
¢ =

sas

parts, such as the actuators,

M’Zj[”',G,’T,[l-*f',,.,K.J*H.’(J,+J:)§i[l.fl",,<,K,J] are light enough, the Euler

(47)

CoTInGIT [0 0, K] 1,020,
(48)

Su

D=-3(mG/g]- X [m,fH (s, <)+ kZl[ ror }U,ﬂ -£)]
o | KU,

(49)

and matrices p and u are
given by

P Spi Sp2 Sps
_Klrﬂgspl _K(ﬂfs,.: -K.TGITS,.»

(50)

(61)

6 Simulation And Results:
Using the equations of motion
derived in the previous section,
movement of the mechanism is
simulated. Using Eq. (42), the
inverse static problem is solved
when the mechanism is moving
along a specified path. Thus,
driving forces in the actuators
of the mechanism are obtained
to follow a specified trajectory
in a quasi-static regime.

As mentioned, only position of
the center of the moving platform
is controlled by three prismatic
actuators.  Using  actuator
forces from static analysis,
the motion of the mechanism
is studied. In equation (42),
the gravity field is not taking
into consideration. Therefore,
by applying computed
actuator forces, using static
equations, the mechanism is
not well balanced in a given
configuration. ~ Consequently,
due to the gravity and inertia
forces, the Euler angles aren’t
zero in the movement of the
mechanism and the moving
plate doesn’t remain horizontal.
However, the simulation results
indicate that when the moving

UK 1

angles are approximately
zero and the movement of the
mechanism can be considered
as pure translational. As a
result, although the gravity
field is not considered in static
equation, the computed forces
can be used to the actuators
in a dynamic simulation with
a good approximation. In
the following, two numerical
examples are  presented.
Geometrical parameters used
in the examples are specified in
table (1).

Table 1: The geometric parameters of the 1 echanism

d (m) 0.8
D (m) 1
m; (kg) 0.2
m; (kg) 0.3
ll(m) 0.3
I, (m) 0.4
k (N/m) 40

In the first example, the

moving platform in a pure

translational motion travels

from initial equilibrium position

q=[0.1,0,0.6,0,0,0]" to the second
equilibrium configuration
q=[0.1,0,04,0,0,0] in 5s. For this
specified trajectory, forces in
the actuators of the mechanism
are plotted versus time in Fig.
(4). These forces are used
to move the robot through
the specified trajectory. The
equations of motions are solved
by a fourth order Runge-Kutta
method. The platform’s centroid
trajectory and the orientation of
the moving plate are plotted
in Figs, (5), and their time
derivatives are plotted in Figs,
(6). From Fig, (5) it is seen that
the Euler angles fluctuate with
small amplitude.



In which, (-) denotes the skew-
symmetric matrix associated
with the vector (-).

4 Static Analysis

In the first part of this section,
virtual changes of kinematic
parameters are derived and then
generalized forces of gravity,
springs and actuator forces
are obtained. Finally, using the
principle of virtual work, static
equilibrium equations of the
mechanism are derived.

4-1 Virtual Change Ofq, ,/,

And r,

A kinematic approach [16] is
used to derive the variation of
vectors. In this method, virtual
displacements are regarded
as partial differentials while
time is assumed to be fixed. To
derive the virtual change of the
length of the th arm, first we dot

multiply Eq. (15), by s, to get
(28)

Lpi =8, Fpint

and then using this equation
and Eq. (12), the variation of

sl,,can be written as

i, =si 1, - (J,",,K,]ﬁ:) } (29)
similarly
o, =51, AGWKI]{';;] (30)

Also, substituting Eq. (12) into
Eq. (19), angular velocity of the
ith actuator arm can be written
as

(31)

Qpi =ILS'” x(r+oxU,. )
i

Using kinematic approach,
the variation of the angle of

each arm, ¢Q, can also be
expressed as

. or
sa, =H,[ &)} (32)

where

H, =%§,,,[[.—0[,,,,K,:|

i

(33)

In what follows, the virtual
change of the position vector
of the th arm is derived. Using
Egs. (12), (19) and (22), we get

s or
o, =G,{ }
50

where

(34)

G,=(l},‘—7/,i§r,,§p,)[l.—lAJ,,“,K,] (35)
4-2 Generalized Forces Of
Springs

The virtual work of the force in
the ith spring can be written as

ow,=—f,0l, (36)

where, 1, =ka,-t,) is the force
in the ith spring and « is spring
constantand ¢, is the spring free
length . Finally, the generalized
force for the ith spring can be
written as

s,
Qu =kl =) _prg
{—K,’U;,s”} (37)

4-3 Generalized Force Of
Gravity
The virtual work of the gravity

vector g=[0,0,-98] is
ow, =i[m,dr,, ~g]+i[m:/,'_,(‘np, (s, x2)] (38)

where m and m, are the masses
of piston and cylinder of the
arms, respectively. Using Eqgs,
(32) and (34) for &, and or,,
the generalized forces of gravity
can be written as
Q,=XmG g+ Yimen’ s, (39)
4-4 Generalized Forces Of
Actuators

The actuating force in the ith
actuator is and its virtual work is

Sw= Y Ity s,1= Yleoeh, 5,1 (40)

The virtual work of -7, acting on
the second segment of the ith
actuator is zero. Using Eq. (40),
the generalized force of the ith
actuator can be obtained as

Qw:zj:rr{:ljdr‘l :|sl"
ok e (41)
4-5 Equilibrium Equations:
Using the principle of virtual
work, static equilibrium
condition for the mechanism
is obtained in the absence
of gravitational and external
forces as

ﬂ"h&.’ﬂ:.xsw]}g[k””_fﬂ)[":?ﬂ‘r"s"ﬂ

(42)

In the proposed tensegrity
mechanism, if the lengths of
hydraulic actuators are fixed,
three degrees of freedom are
eliminated. The other degrees of
freedom that are unconstrained
are driven to minimize potential
energy. Therefore, because of
the presence of unconstrained
degree of freedoms, kinematic
and static equations are
considered simultaneously.
In inverse kinematics of the
introduced mechanism, the
actuator forces are obtained
in such a way that the
moving platform be in a given
position while satisfying static
equilibrium equations. For the
present problem, the number
of static equations is more
than the number of unknowns.
However, in a special case
when the Euler angles are zero,
the nonhomogeneous system
of equations are consistent and
there is an exact solution for the
actuator forces for any position
of the moving plate.

5 Dynamic Analysis:
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a rotation matrix given by

eyl —syed+aysOsp  sysp+cysted
A=|spcld cycd+syslsp —cysd+sysOcd
—s6 cOs¢ [

()

For a 3-2-1 transformation, the
angular velocity of the moving
plate is

o= (-ysin(f)+ é’)X‘, + (u‘/ sin(¢)cos(8) + Ocos(¢))Y, +

(v cos(0)cos(¢) - Osin(¢)) Z,

(8)
which in matrix form is
=K 6 (9)
where

0 0 1 4
K, =|cOsg cp 0| , ©=|0
clegp —-s¢ 0 4 (

3-2 Kinematics Of The Arms:
The position vector of point p,
is given by

(1)

r,=r+AU, =r+U,

where, U, is the transformation
of U, to the reference frame
0(x,.Y,.z,) . The velocity and
acceleration of point p,, in the
reference frame, is found by
taking the time derivative of Eq.
(11).

(12)

rp=r+oxU,

lx'p,=r:+n)xU,,,+(ux((oxUp,) (13)
The position vector of point p, is
expressed in terms of actuator
arms, quantities 7, and by s,

(14)
In this equation, 1

. is the
variable length of actuators

T =T +Ip,s,,,

sas

arms and s, is the unit vector
pointing in the direction from 5,
to . The velocity of p, is given in
terms of the angular velocity of

the arms, Q. , by differentiating
Eq. (14).

Ppinn =1pis, +1,Qpxs (15)
Closed loop vector equations
for each arm yield the following
expressions

s, =r+U,, —rb,)//p, o8, =+ U, —x,)/l,

(16)

1, is the variable length of spring
arms and s, is the unit vector
pointing from » to p .Cross
multiplication of the Eq. (15), by
s, gives

EIES PRETN 17)

S x(Q,,.xs,,,)

The second term in the right-
hand side of the above equation
can be rewritten as

18 X (ixs,) = 1,,(8,,.8,)Qpi=1,,(5,,. Qpi)s

Neglecting the longitudinal
component of angular velocity
of actuator arms, since the
leg is treated as infinitesimally
thin rod, the above relation
simplifies to

80X (Qixs ) = Qe (19)
Using Egs. (17) and (19)
the angular velocity of each
actuator arm is obtained
oy =,st XEpia (20)
The angular acceleration of
the th actuator arm is found
by differentiating the above
equation.

1 ! L 1
Qi =—| 8, XPpot+ (Quix s, ) X Voot | =58, X T ot
P

(1) e

Neglecting terms with lower-
order derivatives [17], we have

I 1 1]
Qpi=—s, x[r+ruxU ,.,,]
" ! (22)

It is worth noting that
angular velocity and angular
acceleration of two segments of
each actuator arm are identical
and perpendicular to s, .
AsshowninFig. 3, each actuator
arm is made of two segments,
piston (link 1) and cylinder (link
2), with mass centers ¢, and c,
, respectively. The location of
point ¢, is determined by the
length ¢,.

(23)

N =0~ [lsp.

Fig. 3.Schematic representation of
the i th actuator arm.

Differentiating Eq. (23), and

substituting for r,. from Eq.
(12), the velocity of point ¢, is
obtained

ru=;+(uxUp,..,—/l(Q,,,xsp,) (24)
Upon differentiation, we get
the following expression for
the acceleration of the piston
segment of each actuator

il I Il 0
rii = pia— £, (Qpix S+ [I(QP"QP')S,.;

(25)

Neglecting lower-order
derivatives [17], and using Eq.
(22), the above expression can
be rewritten as:

r=Tr+oxU,,) (26)
where

| -
o[ s 27)



tensegrity system is shown
in Fig. 1. As it can be seen, it
is similar to the Stewart plat-
form which has six degree of
freedom. In this parallel robot,
six identical limbs connect the
fixed base to the moving plate
through universal and spherical
joints. This construction is called
a U-P-S (Universal-Prismatic-
Spherical) limb. By considering
a Stewart platform, we suppose
that three of U-P-S limbs are re-
placed with three linear springs.
Because of the elastic nature of
springs, the length of springs
can be changed and conse-
quently springs can play the
role of U-P-S limbs without any
change in the total degrees of
freedom of the mechanism. The
introduced mechanism consists
of three springs joining node
pairs b p,, three prismatic ac-
tuators joining node pairs b p,,
and three strings joining node
pairs i=123 ( p,p. Wwith i+1=1
if i=3). These strings are in ten-
sion and the shape of triangle
pnp.p, does not alter. Conse-
quently, it can be replaced with
a triangular plate. The proposed
mechanism has six-degree-of-
freedom. Three translational
motions of the mechanism are
controlled by prismatic actua-
tors. Therefore, it is considered
as a 3-DoF spatial mechanism.

-

W

Fig. 1. Schematic of the spatial mech-
anism.

As illustrated in Fig. 2. a ref-
erence frame o,.y,.z,) is at-
tached to the centroid of triangle

Abbb, With its  x, -axis directed
toward node » and z -axis
perpendicular to the fixed base.
Also, a mobile frame r(x,.v,z)
with origin is placed at the geo-
metric center of triangle ap,p,p,
, where z -axis perpendicular
to the plane formed by nodes

pp.psand y, -axis pointing to
the center point of p, p,.

(b)

Fig. 2. Tensegrity mechanism: (a)
base and (b) moving plate.

The position vector of in the
reference frame is given by

r,, =[Dcos(y,), Dsin(y,),01" (1)

where

n=0, y,=2af3, y,=41/3 (2)
As illustrated in Fig. 2, the posi-

tion vector of with respect to
in the mobile reference frame is

U, =[dcos(y, + 7/6),dsin(y, + JT/6).0]T 3)

The generalized coordinates
for describing the configura-
tion of the mechanism can be
assembled in a six dimensional
array as follows

q=[P,P, P v ,0, o (4)
where
r=[r. B, B] (5)

is the position vector of the
center of the moving platform
with respect to the point o,
and the orientation of the mov-
ing platform is expressed by
three Euler angles v , ¢ and
sin a 3-2-1 sequence known
as heading, attitude and bank,
respectively. In a 3-2-1 trans-
formation, the axes x,v,z, are
rotated about z, by an angle v,
toyield the x;yz axes.Then, a
rotation is performed about axis
v'by o , yielding the x;yz
axes. Finally, these axes are
rotated by about the x; axes,
which results in the x,rz axes.

3 Kinematic Analysis:
3-1 Kinematics Of The Mov-

ing Plate:
In general, all Euler angle se-
quences have singularities.

In the analysis of the mecha-
nism, a 3-2-1 sequence is used
which has singularity when the
attitude angle has the value
0=x=/2 [16]. However, as dis-
closed in the following section,
these angles remain small and
the singularity is avoided. Con-
sequently, the transformation
matrix from the mobile frame
r(x,.v,z) to the reference frame
0(X,.Y,,z,) can be described by
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(ABSTRACT

The objective of the present
paper is to introduce and
analyze a particular spa-
tial mechanism as a modi-
fication of the Stewart ro-
bot. The three limbs of the
Stewart parallel robot are
replaced by springs. Three
hydraulic actuators control
translational motion of the
mechanism. Kinematics of
the mechanism is studied
and its static equations are
derived and for a special
case where external and
gravitational forces are ne-
glected, an analytical solu-
tion is presented. Also, the
principle of virtual work
is employed to derive the
equations of motion of
the proposed mechanism.
Based on the dynamical
equations, the motion of
the system is simulated.

.

1 Introduction

The word “tensegrity” which is a
compound of the words ‘tensile’
and ‘integrity’ was introduced
by R. B. Fuller, an architect and
designer [1]. Tensegrity struc-
tures consist of some ties and
struts which are in purely axial
loads. The most accepted defi-
nition of tensegrity system is
given by Pugh [2]: “a tensegrity
system is established when a
set of discontinuous compres-
sive components interacts with
a set of continuous tensile com-

Mehrdad Farid
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ponents to define a stable vol-
ume in space”.

For many years, the tenseg-
rity concept was an idea for ar-
chitects and civil engineers to
produce new structural forms.
Recently, it has been realized
that tensegrity concept can
be used to design new type of
mechanisms. Oppenheim and
Williams [3] were among the
first to produce movement in
tensegrity structures. Different
techniques can be used to gen-
erate the movement in tenseg-
rity mechanisms. By using mo-
tors to change the lengths of
cables or prismatic actuators,
their shape changes and the
motion in such structures can
be achieved [4].The benefits of
tensegrity mechanisms in com-
parison with conventional ones
include low mass, rapid motion
and high strength-to-weight ra-
tio. Also, because of the pres-
ence of compliant components,
such as springs, these mecha-
nisms can be used for force
control applications [5]. More-
over, these mechanisms are
useful in applications requiring
a soft touch between the end
effecter and the environment.
Several tensegrity mecha-
nisms have been introduced
and studied [6-15]. Arsenault
[6] proposed a novel 2-DOF
planar tensegrity mechanism.
Direct and inverse kinematics
of the mechanism is studied

Mojtaba Mahzoon
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and an analytical expression
for its workspace was pro-
posed. Arsenault and Gosselin
[7-8] studied two spatial 3-DOF
tensegrity mechanisms. They
also studied kinematics, stat-
ics and dynamics of a planar
2-DOF tensegrity mechanism
[9]. Furthermore, Chen and Ar-
senault [10] studied the actua-
tor and Cartesian workspace
boundaries of a planar 2 DOF
translational tensegrity mecha-
nism. Also, some statically bal-
anced tensegrity mechanisms
have been proposed in the liter-
ature [11-13]. Moon, Crane and
Roberts proposed two tenseg-
rity-based compliant parallel
mechanisms [14-15].

In this paper, a novel spatial
tensegrity mechanism is intro-
duced. First, in section 2, the
geometry of the mechanism is
described. Then, in section 3,
kinematics of the mechanism
is studied. Next, generalized
forces of gravity, springs and
actuators are obtained and
static equilibrium equations of
the mechanism are derived. In
the sequel, equations of motion
are derived using the principle
of virtual work. Finally, some
numerical examples are pre-
sented and the movement of
mechanism is simulated in sec-
tion 6.

2 Mechanism Description:
The cad model of the proposed
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